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THEORETICAL DETERMINATION OF A l?EFEEmCE ENTHALPY 
FOR THE LAMINAB BOUNDARY LAYER OF THE FLAT PLATE. 
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ABSTRACT 

/3 

A theoretical determination of the reference enthalpy is 
suggested for the laminar flat plate boundary layer in compres- 
sible flow. Crocco's equation is used in evaluating the shear 
stress within the boundary layer; an approximate solution cor- 
responding to ,pp constant is adjusted to satisfy the integral 
momentum equation. 

The reference enthalpy thus depends upon the conditions at 
the wall and in the external flow and upon coefficients which 
are functions of Prandtl mmber. 
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Mach number 
Prandtl number 

- Reynolds number 
Pa 

hf -he 
hie-he 

j recovery factor 

,“ 

‘h similarity ratio 

temperature 
friction temperature 

longitudinal component of the velocity 

dimensionless velocity 
Ue 

abscissa and ordinate of a Cartesian system of axes 
thickness of the boundary layer 

, P. (1 - t) cly, momentum thickness 
0 PSUO 

,Y dG3 dimensionless ordinate 
I X  ’ 

functions of w and T involved in the enthalpy and velocity 
relation 
coefficient of thermal conductivity 
viscosity coefficient 
mass per unit volume 

P -  friction 
ay’ 

aT -X- heat flux w ’ 
/4 subscript referring to the outer boundary of the layer 

subscript referring to the value at the skin 
superscript referring to the value at the reference temperature . 

1. Introduction 

Exact mathematical solutions to the laminar boundary layer equations 
exist f o r  the flat plate and compressible fluids. Their order of 
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3. 

approximation depends only upon t h e  assumptions made concerning t h e  phys- 
i c a l  p rope r t i e s  of t h e  gas. For example t h e  so lu t ion  of Crocco and 
Van Driest, which makes use of Sutherland's v i s c o s i t y  and temperature 
r e l a t i o n ,  and which involves a constant P rand t l  number d i f f e r e n t  from 
one, m u s t  lead t o  very accurate results wi th in  very wide ranges of Mach 
numbers and sk in  temperatures. 

' 

The concept of reference enthalpy plays an e s s e n t i a l  r o l e  i n  y i e ld -  
ing simple equations for t h e  e s s e n t i a l  c h a r a c t e r i s t i c s  of t h e  boundary 
layer ,  and i n i t i a l l y  f o r  t h e  sk in  f r i c t i o n .  This  concept w a s  o r i g i n a l l y  
introduced i n  an empirical  way, by ad jus t ing  t h e  coe f f i c i en t s  involved 
i n  t h e  reference enthalpy, t o  y i e ld  t h e  b e s t  poss ib le  agreement with t h e  
se lec ted  solution. 

Cer ta in  attempts a t  less empirical  determinations were made. 
Monaghan proposed, for example, to take for t h e  reference enthalpy an 
average value of t h e  enthalpy wi th  respec t  to t h e  ve loc i ty  wi th in  t h e  
boundary layer.  

It m u s t  be noted, however, t h a t  t h e  reference enthalpy can only be 
If t h e  property inves t iga ted  i s  defined i n  terms of t h e  proposed goal. 

skin f r i c t i o n ,  it seems l o g i c a l  t o  attempt t o  determine t h e  re ference  en- 
tha lpy  s t a r t i n g  from an equation descr ib ing  t h e  behavior of t h e  f r i c t i o n  
i n s i d e  t h e  boundary layer .  On t h i s  idea  i s  based t h e  determination of 
t h e  re ference  enthalpy which i s  proposed i n  t h i s  a r t i c l e .  
employed w i l l  be t h a t  of Crocco, i n  order t o  descr ibe  t h e  behavior of t h e  
f r i c t i o n  with r e spec t  t o  t h e  ve loc i ty  wi th in  t h e  boundary layer .  
proximate so lu t ion  t o  t h i s  equation w i l l  lead, for t h e  f r i c t i o n  coe f f i -  
c ien t ,  t o  t h e  usual form which i s  offered by t h e  concept of re ference  
enthalpy. 
for t h e  so lu t ion  an add i t iona l  condition, namely: t h a t  it mus t  s a t i s f y  
t h e  genera l  momentum equation. 

The equation 

An ap- 

The re ference  enthalpy w i l l  i t se l f  be determined by demanding 

11. The Concept of Reference Enthalpy 

The app l i ca t ion  of t h e  reference enthalpy concept t o  t h e  sk in  f r i c -  
t i o n  cons i s t s  i n  extending t h e  r e l a t i o n  which gives, for incompressible 
f l u i d s ,  t h e  coef f ic ien t  of l o c a l  f r i c t i o n  as a func t ion  of t h e  Reynolds 
number of t h e  abscissa.  Equation (1) can be employed i n  incompressible 
f l u i d s  provided w e  take  t h e  values P* and P* which correspond t o  a cer- 
t a i n  reference enthalpy h* to be selected from c e r t a i n  flow parameters 
of t h e  boundary l a y e r  under consideration. 

First  l e t  u s  examine t h e  example of t h e  laminar boundary l a y e r  for 
t h e  f l a t  p la te .  For t h e  incompressible f l u i d s  t h e  f r i c t i o n  equation w a s  
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For t h e  compressible case we have: 
0,664 

. .  
r 

p i  = (p*U&*)'/r' 

The f r i c t i o n  c o e f f i c i e n t  Cf however i s  obtained by having z i n  P 
2 terms of peue/2 and we seek t o  express it as a func t ion  of t h e  Reynolds 

PeUeX 
l e  number obtained from t h e  e x t e r i o r  values, R = . 

The concept of reference enthalpy gives i n  t h i s  way 

f o r  t h e  r a t i o  of t h e  f r i c t i o n  c o e f f i c i e n t  t o  t h e  coe f f i c i en t  Cfi i n  t h e  I 

compressible case, f o r  t h e  same value of t h e  Reynolds number. 

The problem then  cons i s t s  i n  determining t h e  value of t h a t  product 
P*P*. 
t h i s  product. 

The reference enthalpy i s  simply t h e  enthalpy h* corresponding t o  

The i n t e r p r e t a t i o n  of t h e o r e t i c a l  or experimental r e s u l t s  has l ed  
t o  various r e l a t i o n s  f o r  t h e  reference enthalpy. 
o f t en  been made i n  cases where t h e  s p e c i f i c  hea t  could be taken as con- 
s t a n t ,  and a re ference  temperature i n  t h i s  case was used ins tead  of an 
enthalpy. 

This i n t e r p r e t a t i o n  has 

Generally speaking, t h e  t h r e e  parameters which are used f o r  de t e r -  
mining t h e  reference enthalpy are: 

1. t h e  sk in  enthalpy 
2. t h e  enthalpy he, o r  t h e  enthalpy of rest hie of t h e  ou te r  flow 

3. t h e  enthalpy of f r i c t i o n  or enthalpy of t h e  athermanous skin. 
It i s  known t h a t  it can be r e l a t ed  t o  he and h i e  by means of 
t h e  recovery f a c t o r  r; 

hf - he = r (hie - he). 

From Eckert (Ref. 1) t h e  re ference  enthalpy i s  given by t h e  r e l a t i o n  

. . . 

,'? 
.I $: ..... 
. .'.. ,.. . <" . -- 
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This  formula w a s  f i r s t  proposed f o r  t h e  laminar boundary l aye r .  
ing  t o  t h a t  author, however, it can a l s o  give good results f o r  t h e  t u r b u -  
l e n t  case. 

Accord- 

Monaghan (Ref .  2) proposed f o r  t h e  re ference  enthalpy a value of t h e  
enthalpy averaged over t h e  ve loc i ty ,  from an approximation t o  t h e  rela- 
t i o n  t h a t  can e x i s t  i n  t h e  boundary l a y e r  between t h e  enthalpy and t h e  
ve loc i ty .  
l a y e r  as f o r  t h e  tu rbu len t  boundary layer ;  t h e  same reference  enthalpy 
i s  obtained f o r  both cases: 

This r e l a t i o n  i s  almost t h e  same f o r  t h e  laminar boundary 

h* - he = 0.54 (hp - he) + 0.16 (hf - he). 

Sommer and Short (Ref. 3) found from t h e i r  experiments wi th  a t u r b u -  
l e n t  boundary l a y e r  a r e l a t i o n  which can be put i n t o  t h e  preceding form 
and which i s  w r i t t e n  as follows, assuming a recovery f a c t o r  of 0.9: 

W e  see t h a t  i n  these  r e l a t i o n s  t h e  re ference  enthalpy results from: 
a l i n e a r  combination of t h e  enthalpy devia t ion  (kp - he) and t h e  enthalpy 

devia t ion  (hf - he). 

- he) becomes proportional t o  (hf - he), t h e  p ropor t iona l i t y  c o e f f i c i e n t  

Note t h a t  when h = hf (athermanous sk in) ,  (h* P 

being 0.72 from Eckert, 0.70 from Monaghan, 0.65 from Somer and Short. 
These are small d i f f e rences  t h a t  lead to c lose  results. A comparison 
with exact t heo r i e s  seems t o  s l i g h t l y  favor  t h e  r e l a t i o n  of Monaghan. 

& 

111. Review of t h e  R e s u l t s  of t h e  Crocco-Van Dr ie s t  Solution 

Among t h e  t h e o r e t i c a l  so lu t ions  ava i l ab le  f o r  t h e  f l a t  p l a t e  i n  com- 
p res s ib l e  f l u i d s  t h a t  given by Crocco i s  one of t h e  most exact. 
ploys a constant P rand t l  number, and t h e  energy equation i s  w r i t t e n  down 
f o r  t h e  enthalpy. 
( R e f .  4) and then  by Van Driest ( R e f .  5) wi th  t h e  help of Sutherland's 
l a w  of v i scos i ty  v s  temperature. It can be applied to t h e  case where t h e  
w a l l  temperature i s  constant. 

It em- 

Numerical so lu t ions  have been calculated by Crocco 

W e  know t h a t  Crocco's transformation c o n s i s t s  i n  wr i t i ng  l o c a l  equa- 
t i o n s  f o r  t h e  momentum and t h e  energy, tak ing  x and u, instead of x and 
y, as t h e  independent var iab les ,  and tak ing  t h e  f r i c t i o n  z between t h e  
streams, and t h e  enthalpy h as t h e  dependent var iab les .  An assumed af- 
f i n i t y  transformation pe rmi t s  u s  t o  go from equations wi th  p a r t i a l  der iv-  
a t i v e s - t o  simple d i f f e r e n t i a l  equations with t h e  ve loc i ty  u being t h e  

I. c -r - --'.- 

. . . . . . . . . . . . 
...... I ... 
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var i ab le .  
which are involved i n  Crocco's equation: 

I n  a nondimensional form we have t h e  transformed variables 

The l o c a l  
respectively: 

t h e  de r iva t ive  

equations f o r  t h e  momentum and t h e  energy are wr i t t en ,  

being taken wi th  respec t  to t h e  var iable  w. 

I n t eg ra t ing  t h i s  system of equations l eads  e s s e n t i a l l y  to t h e  f o l -  
lowing resul ts  : 

1. From Equation (3) we ob ta in  t h e  d i s t r i b u t i o n  of t h e  i n t e r n a l  
An f r i c t i o n  within t h e  boundary l a y e r  as a func t ion  of t h e  ve loc i ty .  

e s s e n t i a l  c h a r a c t e r i s t i c  i s  of course t h e  value of F a t  w = 0, i n  o the r  
words a t  t h e  skin: 

I F,= C, l / z l -a .  

From t h e  d i s t r i b u t i o n  of t h e  f r i c t i o n  as a func t ion  of w w e  then  dd- 
duce t h e  d i s t r i b u t i o n  of t h e  ve loc i ty  as a func t ion  of y, observing t h a t  

z = p -  I n  t h i s  way we. ob ta in  f o r  t h e  u s u a l  variable , 
ay' 

The d i s t r i b u t i o n s  of f r i c t i o n  i n  t h e  boundary l a y e r  have been calcu- 
l a t e d  by Crocco and Van Driest, f o r  a wide range of Mach numbers and sk in  
temperatures. 

i s  divided by its value a t  t h e  sk in  t h e  d i s t r i b u t i o n  - (w) i s  l i t t l e  af- 

f ec t ed  by t h e  compress ib i l i ty  and remains c lose  t o  t h a t  of t h e  incompres- 
'sible f l u i d .  This property i s  used i n  t h e  i n t e g r a t i o n  of t h e  energy 

The r e s u l t s  which were obtained show t h a t  when t h e  f r i c t i o n  

T 
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equation, where Van Dr ie s t  r e t a i n s  t h e  f r i c t i o n  d i s t r i b u t i o n  given by 
B l a s i u s ' s  solut ion.  

2. The func t ion  of t h e  enthalpy versus ve loc i ty  within t h e  boundary 
l aye r  i s  obtained from equation (4). The following r e l a t i o n  results:  

I where 8 and 0" a r e  funct ions 

ence 5 for d i f f e r e n t  values of 

follows t o  use t h e  enthalpy of 

I 2 I1 + Ue0 (hp - he) 8 

U of w = - calculated and given i n  r e f e r -  
'1 e 

t h e  Prandt l  number, It i s  u s e f u l  i n  what 

2 ue f r i c t i o n  hf = he + r- i n  t h e  enthalpy vs 
2 

ve loc i ty  r e l a t i o n .  The r e l a t i o n  becomes: 

(5b I 2d1 h - he = (hp - he) (1 - 8') + (hf - he) p. 

Fina l ly ,  t h e  enthalpy vs  ve loc i ty  r e l a t i o n  gives  (from t h e  slope a t  
t h e  skin)  t he  two following e s s e n t i a l  parameters: 

1, t h e  recovery f a c t o r  r 
2. t he  analogy f a c t o r  s, which i s  the  r a t i o  of t h e  hea t  flux t o  

'h 
s=cc /2  t h e  f r i c t i o n  coe f f i c i en t  a t  t h e  skin, 

These two f a c t o r s  depend only on t h e  P rand t l  number. They are given 
i n  Table  1, and they obey f a i r l y  c lose ly  t h e  r e l a t ions :  

r = ' t  1/2 ; s = .-2/3* 

I V .  Approximate Solut ion t o  Crocco's Equation. Corresponding 
Reference Enthalpy 

An approximate so lu t ion  t o  Crocco's equation for t h e  f r i c t i o n  can 

be sought by tak ing  for t h e  r a t i o  

chosen somewhere wi th in  t h e  boundary layer .  

a constant average value,  t o  be 
~ PSVS 

F i r s t  assume t h a t  ~r i s  proport ional  t o  T,  From t h e  equation of 

s t a t e  ~r i s  then inverse ly  proport ional  t o  p and E =  I. \ .  
PeVs 
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Consequently we again f ind  t h e  form of t h e  equation f o r  incompressible 
f l u i d  s : 

FiFi -k 2 w = 0. 

This corresponds t o  B l a s i u s ’ s  equation, whose so lu t ion  i s  w e l l  known and 
gives f o r  t h e  sk in  f r i c t i o n  

Fip = C f i  & = 0.664. 

W e  now take  for E5 an average value I - = C. 
P S k  P& 

mi’ 4- 2 cw = 0. 

! p*lt* 
W e  have 

The so lu t ion  t o  t h i s  equation i s  immediately deduced from t h a t  of 
incompressible f l u i d s  through t h e  r e l a t i o n  

or t ak ing  t h e  va lues  a t  t h e  skin, 

We again. f i nd  t h e  re la t ion (1) exactly,  by using t h e  concept of refer- 
ence enthalpy. This concept can the re fo re  be considered as correspond- 
ing t o  an approximate so lu t ion  t o  t h e  f l a t  p l a t e  boundary l a y e r  equa- 
t i o n s ,  with P P  being constant. It remains now t o  determine how t h e  
average values p*p* m u s t  be chosen. 

/6 

I n  order t o  a r r i v e  a t  t h i s  w e  s h a l l  demand t h a t  t h e  so lu t ion  obey 
not only t h e  approximate l o c a l  equation, but a l s o  t h e  o v e r a l l  equation 
for t h e  momentum (Kaman’s equation) 

We s h a l l  f i r s t  w r i t e  t h i s  equation with t h e  new var iab les .  
t h a t  : 

Observing 

t h e  momentum thickness i s  w r i t t e n  
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Taking the  d e r i v a t i v e  of 42 with respec t  t o  x, Karman's equation t akes  
t h e  form: 

Now replace  Cf Fx and F by t h e  results of t h e  so lu t ion  for constant p p  

Karman's equation gives: 

This equation determines how t h e  average value of t h e  approxi- 
P e e  

mate so lu t ion  with constant pp m u s t  be chosen. The f r i c t i o n  d i s t r i b u t i o n  

U of t h e  incompressible f l u i d  i s  a known function of w = - and it i s  
u e  

given by B l a s i u s ' s  equation. 
t i o n  for t h e  incompressible f l u i d  gives exac t ly :  

It i s  u s e f u l  t o  ver i fy  t h a t  B l a s i u s ' s  so lu-  

The previous r e l a t i o n  can be put i n t o  t h e  form 

The reference enthalpy has t h e  value h* of t h e  enthalpy which cor- 
responds t o  t h e  preceding value of p*p*. 

t o  (6b) a r e l a t i o n  as exact as poss ib le  between t h e  v i scos i ty  and t h e  
temperature, e.g., Suther land ' s  l a w .  It i s  obvious however t h a t  
Sutherland's l a w  would lead (for t h e  reference enthalpy) t o  an expres- 
s ion  much more complicated than t h e  l i n e a r  r e l a t i o n s  for t h e  parameters 
hp, he, hf presented i n  Section 11. 

It would be des i r ab le  t o  add 

A l i n e a r  enthalpy can only be obtained if  a l i n e a r  approximation i s  
This i s  t h e  chosen f o r  t h e  changes of t h e  product p p  with t h e  enthalpy. 

assumption w e  s h a l l  now make, and we s h a l l  t ake  t h a t  \-E'- 1 i s  propor- 
I PePe 

h 
he 

t i o n a l  to - - 1 i n  order t o  r e t r i e v e  p p  = p e e  a t  h = he. The r e l a t i o n  
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(6b) becomes: 

Now equation (5b), giving t h e  changes of h with w, m u s t  be used t o  ob ta in  
t h e  reference enthalpy. In t eg ra t ing ,  we obtain:  

I h* - he = A (h, - he) + B (h, - he);  ( 8 )  

with 

The form which i s  obtained here i s  i d e n t i c a l  w i th  t h a t  of t h e  empirical  
r e l a t i o n s  of Eckert and Monaghan. 

W e  s h a l l  now r e c a l l  tbat Fi(w) i s  t h e  f r i c t i o n  d i s t r i b u t i o n  f o r  t h e  

incompressible f l u i d  as given by t h e  so lu t ion  of B l a s i u s ,  and t h a t  e I 

U and G I 1  are func t ions  of w = - calculated and given by Van Driest for 
Ue 

d i f f e r e n t  values of  t h e  Prandt l  number. The c o e f f i c i e n t s  i n  t h e  r e l a t i o n  
f o r  t h e  reference enthalpy depend the re fo re  on t h e  P rand t l  number. 

The i n t e g r a t i o n  corresponding t o  t h e  formulas of ( 9 )  lead t o  values 
I of A and B which a r e  l i s t e d  i n  T a b l e  1 and are shown i n  t h e  curves of  

Figure 1. For example w e  have, f o r  z = 0.727: 

A = 0.474; B = 0.178; 
~ ~~~~~ ~ ~~~ ~ ~ 

Table 1. Coef f i c i en t s  A and B of t h e  r e l a t i o n  f o r  t h e  reference 
enthalpy, and recovery and analogy f a c t o r s  as func t ions  of 
P rand t l  number 

/7 

I ’ .... 

.. . .  

. . . . .  . . ,. . . 



Figure 1. 
of Prandt l  number 

Coefficierlts of t h e  reference enthalpy as a func t ion  

Figure 2. 
of reference enthalpy with t h e  exact results of Crocco and 
Van Dr ie s t  

Comparison of t h e  results obtained wi th  t h e  concept 

T = 0.75 Y =  1.4 Te = 218’ K 

-------- The reference enthalpy as proposed 
Crocco - Van Driest 
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These coe f f i c i en t s  a r e  s u f f i c i e n t l y  c lose t o  those previously obtained 
empirically.  

To determine t h e  accuracy of t h e  r e s u l t s  obtained with t h e  preced- 
ing method t h e  coe f f i c i en t  of l o c a l  f r i c t i o n  f o r  t h e  f l a t  p l a t e  wi th  a 
laminar boundary l a y e r  has been calculated from formula (I) using 
Suther land 's  r e l a t i o n  f o r  t h e  r e l a t i o n  between t h e  v i scos i ty  and t h e  
temperature. 

The reference enthalpy has been determined by means of formula (8), 
with t h e  coe f f i c i en t s  A and B taken f o r  t h e  Prandt l  number equa l  t o  0.73, 
a value which corresponds t o  t h e  results of t h e  exact so lu t ion  ( R e f .  5). 
A comparison of Figure 2 f o r  d i f f e r e n t  values of t h e  skin temperature 
shows t h a t  t he  f r i c t i o n  coe f f i c i en t s  a r e  very c lose  t o  those given' by 
t h e  so lu t ion  of Crocco and Van Driest. 

Conclusions 

It i s  possible  t o  def ine  a reference enthalpy f o r  t he  laminar bound- 
a ry  l a y e r  of t h e  f l a t  p l a t e  and t o  determine numerically t h e  coe f f i c i en t s  
of t h e  l a w  which r e l a t e s  t h i s  enthalpy with t h e  parameters hp, he, hf.  

This can be done from a so lu t ion  t o  Crocco's equation with pp constant,  
by using t h e  o v e r a l l  momentum equations. 

Since t h e  determination of t h e  coe f f i c i en t s  involve a r e l a t i o n  be- 

I n  t h i s  way 
tween t h e  enthalpy and t h e  ve loc i ty  which depends on t h e  Prandt l  number, 
t h e  reference enthalpy depends a l s o  on t h e  P rand t l  number. 
we have available, toge ther  with t h e  recovery f a c t o r  and t h e  analogy f ac -  
t o r ,  a set of results of very wide range which mus t  be capable of pre- , 

d i e t i n g  the  skin f r i c t i o n  for gases or mix tu res  of gases having d i f f e r e n t  
physical  cha rac t e r i s t i c s .  
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